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Abstract

Soft materials exhibit significant nonlinear geometric deformations and stress—strain relationships under external forces.
This paper explores weakly nonlinear elasticity theories, including Landau’s and Murnaghan’s formulations, advancing
understanding beyond linear elasticity. We establish connections between these methods and extend strain-energy
functions to the third and fourth orders in power of ¢, where ¢ = vH-H and 0 < ¢ < 1, and H is the perturbation
to the deformation gradient tensor F = I + H. Furthermore, we address simplified strain-energy functions applicable to
incompressible materials. Through this work, we contribute to a comprehensive understanding of nonlinear elasticity and
its relationship to weakly nonlinear elasticity, facilitating the study of moderate deformations in soft material behavior
and its practical applications.
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I. Introduction

Soft materials, such as biological tissues and gels, often undergo significant geometric deformations when
subjected to external forces [1]. Unlike hard materials, which typically only experience small deformations, the
stress—strain relationship in soft materials is best described using nonlinear elasticity theory due to the large
deformations involved [2-5]. Linear elasticity theory is often insufficient to accurately represent the stress—
strain relationship in these materials, necessitating the use of nonlinear finite-deformation theory and precise
constitutive modeling [6].
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For homogeneous isotropic hyperelastic materials, finite-deformation analysis commonly relies on the strain-
energy function represented by the three principal invariants of the strain tensor [6]. The stress—strain relation-
ship can be obtained by solving the partial derivatives of the strain-energy function. Under the assumption of
incompressibility, the strain energy can be further simplified as a function of two principal invariants. Analyti-
cal solutions for large deformation problems of incompressible materials in simple structures have been found
based on finite deformation theory [7]. However, obtaining analytical solutions that account for large deforma-
tions becomes difficult for complex problems like nonlinear contact [8] and post-buckling analysis [9]. Linear
elastic approximations also fail to meet the precision requirements. Instead, weakly nonlinear theory provides
an effective approach in such cases [10].

Weakly nonlinear elasticity theory, particularly the formulation proposed by Landau et al. [11] and Mur-
naghan [12], represents a significant advance in nonlinear elasticity theory. The use of the strain-energy function
in polynomial form allows for the precise determination of elastic moduli through curve fitting of experimental
data using standard linear regression techniques [10, 13].

Landau’s [11] approach, based on the Landau invariants of the Cauchy—Green strain tensor, with terms up to
the third and/or higher orders of the strain-energy functions, includes both material and geometric nonlinearity
[10]. It finds applications in material science, geophysics, acoustics, and other fields, accurately predicting the
mechanical response of materials under realistic loading conditions [14—16].

Murnaghan’s [12] framework, which expresses the strain-energy function as a triply-infinite power series
in the principal invariants of the Cauchy—Green strain tensor, is also widely used. This approach has shown
the ability to solve simple problems involving compressible materials and specific cross-sectional shapes of
prisms under incompressible conditions [7]. It approximates the strain-energy function to any desired order
in the power-series expansion, utilizing the symmetric functions of principal invariants. In addition, under the
assumption of small deformations, the higher-order Murnaghan model extends the classical linear elastic theory
into the weakly nonlinear region, providing a robust method. By considering the superposition of displacements
of higher orders and substituting them into the motion equations and boundary conditions according to the
corresponding orders, the Murnaghan model [12] demonstrates the linearization of the nonlinear problem by
neglecting higher-order terms and simplifying solutions to quasi-nonlinear problems [17, 18].

This article aims to organize the definitions of different strains, invariants, and strain-energy functions in
these two different weakly nonlinear elastic theories and the various forms of strain-energy functions and
material parameters in non-linear elastic theory to establish their relationships. We expand the strain-energy
functions in the weakly nonlinear theory up to the third and fourth orders, corresponding to the second-order
and third-order elasticity theories. In addition, we consider the simplified strain-energy functions and stress—
strain relationships of materials under incompressible conditions, as many soft materials can be assumed to be
incompressible.

2. Connections among different strain invariants

In the context of finite deformation, let us consider an elastic body undergoing a finite displacement field u
from the reference configuration to the current configuration. The deformation gradient tensor F is defined by
F =1+ H, where H is the displacement gradient tensor, defined as H = Grad, u. For weakly nonlinear theory,
we shall assume that H is the perturbation to the deformation gradient tensor and is small, i.e., ¢ = +/H - H and
0 < & < 1. Henceforth, the left and right Cauchy—Green strain tensors are

b=FF =I+H+H +HH ' =1+e+a,

1
C=FF=I+H+H +HH=1+e+yp, M

where we separate e = H+ H', o = HH', and y = H'H, so that e is the first-order term, i.e., e = O(¢) and
o =y = O(¢?) are of second-order terms. The Green—Lagrange strain tensor E is then given by

1 1
E=5@—D=§®+w. (2)

In linear elasticity, providing that the displacement gradient tensor H is small, and ignoring the second-order
terms of H, we obtain the infinitesimal strain tensor
1

1
W:§m+H6=?. )
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The strain-energy function of an ideal isotropic elastic material, capable of undergoing finite deformation,
can generally be expressed in terms of three independent scalar invariants of the strain tensor. For a general
second-order tensor M, the principal invariants are defined by the equation

M? — [y;M? + II,,M — IITy,1 = 0, 4)
where the invariants of the tensor M are
1
Ly =tr(M), Iy = 5 (trM)* — tr (M?)),  Illy; = detM. (5)

On the other hand, the scalar invariants of the tensor M can be defined in Landau’s form by
i] = tr(M), iz =1tr (Mz) , 73 =1r (Ms) . (6)

where 1,, I, and 5 are, respectively, the first-, second-, and third-order terms of M.
Some commonly used invariants and the relationships between them are

Ic =tr(C), Ilc = % (tr(C)* — tr (C?)), Il = detC,
il = tr(E), jz =1tr (Ez) , j3 =1tr (E3) ,

7
Ji =trQE), J, = % (trQE)* — tr (4E%)), J3 = det(2E), @)
Ji=t(E), J,= % (tr(E)* — tr (E?)), J; = detE.

Among them, /¢, I, and Il are principal invariants of the right Cauchy—Green strain tensor C, which are
often used for constructing the strain-energy function for hyperelastic material in fully nonlinear elasticity.
When the material is incompressible (/IIc = 1), the strain-energy function can be simplified to depend solely
on /¢ and Il¢. In addition, the Landau invariants 7, I, and /5 represent the first-, second-, and third-order terms
of the Green—Lagrange strain tensor E. Similarly, the principal invariants of the Green—Lagrange strain tensor
E, namely J1,J5, and J5, also represent its first-, second-, and third-order terms. These are known as Murnaghan
invariants. However, it is more convenient to use another set of Murnaghan invariants, namely J;,.J,, and J3,
which are the principal invariants of 2E to simplify the derivation of the stress—strain relationships.

Given the often utilization of both fully nonlinear and weakly nonlinear elasticity theories in the derivation
of nonlinear deformation problems, it becomes imperative to comprehensively outline the interconnections
between the invariants and the strain-energy functions they engender.

2.1. Connections between I, Ilc, Illc and I, b, I

In this subsection, we shall demonstrate the connections between the principal invariants, /¢, II¢, and Ill¢, of
the right Cauchy—Green strain tensor C and the Landau invariants, [, 15, /5, of the Green—Lagrange strain tensor
E. First, recalling the equations (2) and (7), we have

trC = tr(I + 2E) = 21, + 3,
tr (C?) = tr (4E* + 4E + 1) = 41, + 4], + 3, (®)
tr (C’) = tr (8E’ + 12E* + 6E + 1) = 8% + 12, + 6], + 3.
Then, the first and second principal invariants of the right Cauchy—Green strain tensor C can be expressed as

Ic =trC =21, + 3,

€

llc = = (t(C)* — tr (C?)) =3+ 4l + 21} — 2D.

1
2
Next, by tracing equation (4), we obtain

tr (C*) — Ictr (C?) + ctrC — 311¢ = 0. (10)
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Using this equation, the third principal invariant of the right Cauchy—Green strain tensor C can be expressed as

1
e = detC = — (tr (C*) — Ictr (C*) + I ctrC)
X 4 8 (b
=1+2L +2I} —2L + gif — 4L + 573.

Inversely, from equations (9) and (11), we can express the Landau invariants /;, I, and I3 in terms of the
principal invariants /¢, I, and Il as

o S )
h=35(=3+10), b= 7 (3=2lc+1¢-2),
(12)

-1
L=g (24 — 241 + 1213 — 213 — 121c + 3Icllc + 31I¢) .

2.2. Connections between I, Il Illc, J,,Jo, Js, and J;,Jo, J;

As the two sets of definitions of the Murnaghan invariants Ji,.J;, J3, and Ji,Jh, J5 in equation (7) are com-
monly used, we shall first show connections between them and then demonstrate relationships with the principal
invariants of the right Cauchy—Green strain tensor C.

From equation (7), we obtain

Ji = tr(2E) = 2trE = 2J,,
5

(trQE)* — tr (4E%)) = = (4J} — 4tr (E?)) = 45, (13)

N —

1
2
J3 = det(2E) = 8detE = 8J;.

Furthermore, utilizing equations (2) and (7), we can deduce the following relationships between the Murnaghan
invariants Ic, Ilc, Il and Jy, )5, J5:

Ic = tr(I + 2E) = 3 + tr2E) = 3 + J,,
1

le =5 (1 +3)" —tr (4E* +4E +1) =3+2/1 + ., (14)

Hlc =detd+2E)=1+J,+J, +J5.

Inversely, we have
Ji=Ic=3,), =3=2Ic+1c, J3=1c—1c+Illc—1. (15)

Moreover, considering the connections between J; and J;(i = 1,2, 3) in equation (13), we have
Ic =342y, lIc =344, +4%, llc =1 +2J, +4J, + 8J3, (16)

and
- L -1
Ji=30c=3) T = 3G =2c+1e), Jy = gUc —llc + Il = 1), (a7)

2.3. Connections among I, I, I, J,, J», J5, and J,, Jo, Js

This subsection explores the connections between the Landau invariants I, L, I; and the Murnaghan invariants
J1, J2, J3. Utilizing equations (9), (11), and (14), the following relationships can be established:

2L +3 =3+,
3446 +2IF — 2L =3 +2J; + Ja, (18)

T S
1+211+2112—212+§113—41112+§13=1+J1+J2+J3.
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Table I. Transformations of some commonly used scalar invariants of strain tensors.

The principal invariants of C Landau invariants of Murnaghan
E invariants of 2E
The principal invariants of C - Ic =3+2L Ic=3+J;
IC:tI‘(C) llc = 3—}—4?1 + ”C=3+2J1 + .
¢ = $(tr(C)? — tr(C?)) 21 - 21 e = 14+J14+J,+
¢ = detC Ilc =1 +20 +2I} =20, 3

4_3 - - 8-
+§Il — 451 + 513

Landau invariants of E I = %(—3 +1c) - I = %Jl
I = tr(E% L = $(3 —2lc + 1% - 21I¢) L =10U}-25)
I = t(E”) -1 ) 3 =1
5 = tr(E3) I = §(24 —24lc + 1215 = 217 3 8
(i —3J1/2 +3J3)
—12IIc + 311l + 31 )
Murnaghan invariants of 2E Ji=1Ic—-3 Jy =2 -
Ji = tr(2E) Jy=3=2Ic+1II¢c S =2 (j12 _ j2>
Jp = S(trQE)? — tr(4E?)) J3=1Ic—Ic+1c—1 Js =
J3 = det(2E)

(B -3hL +2L)

Solving these equations yields

- | R 1 =
11:§J1a ]221(‘]12_2‘]2)’]3: (Ji —3J1h +3J5), (19)

0| —

and
- - - 4 _ - - -
Jh=2L,h=2(} - L), J; = 3 (I} = 3LL +215) . (20)

Analogously, according to equation (13), we can obtain the connections between the Landau invariants I(i =
1,2, 3) and Murnaghan invariants J;(i = 1,2, 3) as

71 =j1, 72 =j12—2j2, 73 =.713—3j1.72+3j3. (21)

and o L . o i
Ji :11,J2:5(]12—12),J3:g(]13+3]112+213). (22)
Finally, the summary of transformations for the principal invariants, Ic, IIc, and Ilic, of the right Cauchy—

Green strain tensor C, the Landau invariants 1, I, I3 of the Green—Lagrange strain tensor E, and the Murnaghan
invariants J,.J,,J5 of the strain tensor 2E can be found in Table 1.

3. Weakly nonlinear elasticity for isotropic compressible materials

In fully nonlinear elasticity, the strain-energy function of the isotropic compressible material # is commonly
expressed in terms of the three principal invariants (/¢, I, and I11) of the right Cauchy—Green strain tensor
C. The Cauchy stress tensor t can be represented as

t=2 (b2 _ e 22 (e 2 2 (23)
— 7\ bl Y ol U, ’

where b is the left Cauchy—Green tensor. J = detF and J = 1 for incompressible materials. Here, /o — 3,
Illc — 3, and Illc — 1 are all of O(e). For weakly nonlinear elasticity, instead of using the principal invariants
of C to construct the strain-energy function and stress tensor, it is more convenient to employ the Landau and
Murnaghan invariants for constructing the strain-energy function up to a certain order of expansion.
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3.1. Second-order elasticity

3.1.1. Strain-energy functions. In second-order elasticity, we require the terms of O(g?) in the stress and strain
tensors. Consequently, the strain-energy function needs to include the third-order terms of O(¢?). In terms of
Murnaghan invariants, the strain-energy function to third-order terms is

Wy = a1, + alez + az 1 Jr + a4J13 + asJ; + 0(84) (24)

where ay, ..., as are O(¢) material constants. W,y = a;J, + a2J12 = 0(¢?) and W3y = a3JiJr + a4J13 + asJ; =
O(&%) are the second- and the third-order terms, respectively. Alternatively, third-order energy function can be
expressed in terms of Landau invariants as:

I N L S
WL=5]12+M12+§I3+31112+§]13+0(84)’ 5)

where u and A are the linear Lamé coefficients, and A, B, and C are O(¢) elastic material constants. Wy, =
%712 + I, is the second-order term and W5, = %173 +BLL, + %i 13 is the third-order term.

Referring to the connections between Murnaghan invariants and Landau invariants in equation (20), the
third-order strain-energy function in Murnaghan expansion can be rewritten as

) - 8615— - = 4a5 =3 4
Wy = Qay + 4a2)11 —2a1, + 713 —4(as + as)l1 L + | 4as + 8ay + T ]1 + O(&™). (26)

Thus, we can obtain the following relationships among the material constants:

A =4a; + 8ay, u = —2a,

- _ - 27
A =8as, B= —4(a3 + as), C = (12a; + 24a4 + 4as). @7)

Similarly, referring to the connections between Landau invariants and Murnaghan invariants in equation (19),
we can rewrite the third-order strain-energy function in Landau expansion as:

W, = —%Jz + <% + %)J% - (%1 + g) S + (;44 + g + %) J 4 §J3 + 0. (28)
This leads to
a1=—ﬁ, a2=£+ﬁ,
2 g8 4
i B i B ¢ i (29)
a3=—<§+z>,a4=ﬁ+§+ﬁ,a5=§.

3.1.2. Stress—strain relationships. Second-order elasticity requires the stress and strain tensors to be expanded to
O(s?). According to equation (23), the Cauchy stress tensor involves the three principal invariants of the right
Cauchy—Green strain tensor (¢, I, and I1l¢), as well as the partial derivatives of the strain-energy function
W with respect to them, the left Cauchy—Green strain tensor b, and its inverse tensor b~'. For isotropic elastic
solids, the principal invariants of the left Cauchy—Green strain tensor b are equal to those of the right Cauchy—
Green strain tensor C, i.e., I, = I¢, I, = Ilc, and III, = IlI.

From equation (1) and defining

e=tre, « = tra, K = (dete)e, (30)

the first principal invariant 7, can be expressed as

I,=tth=3+e¢+a, (31)
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and
b’=(I+e+a)y=I+2e+2a+e+0(c). (32)
By tracing this equation and using equation (30), we obtain
tr(b?) =3+2e+a+e —2K+0(s), (33)

where K = trK = 1 ((tre)* — tr (¢?)). Thus, the second principal invariant /I, is given as

I, = ! (trb)? — tr (b?)) = 3 4+ 2e + 20 + K + O(¢?), (34)
> ( (%))

and the third principal invariant /71, is
I, =detb=detI+e+a)=1+j, +j2 +/3, (35)

where j; = tr(e + ), j, = % (]% —tr ((e + oc)z)) , J3 = det(e + o). Referring to equation (30) and expanding to
second-order terms, we have

h=e+a+0(), p=K+0(), s=0+0(). (36)
Thus, the third principal invariant ///, can be expanded as
Iy =1+4e+a+K+0() 37)
In addition, using the Cayley—Hamilton theorem and equations (31), (32), and (34), we have

b~ =1unb~' =b*> — b+ 1,1

=(—e—De—a+(l+eta+KI+0(s). 3%)
Analogously, from equation (30), we have
K = (dete)e ™! = e* — Le + I, (39)
where I, = tre = e, 1I, = 1 ((tre)> — tr (¢*)) = K. This equation gives
e’ = K+ ee — KL (40)
Hence, equation (38) can be finally rewritten as
IHIch'=K—e—a+(l+e+a)l+0(e). (41)

Next, following the connections between the Murnaghan invariants and the principal invariants in equation
(17), we have
Ji=Ic—3=e+aqa,

h=3-2Ic+lc=K+0(s), (42)
J=Ic—Hc+1lc—1=0().

In addition, using the chain rule, we can replace the derivatives of the strain-energy function W with respect to
Ic, Ilc, and IIIC by
Wy Wy 2BWM IWy

alc  J; 0.J, + aJs
Wy Wy Wy Wy Wy

ol dJ, oy " Al dJ;

(43)
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With respect to the third-order Murnaghan strain-energy function in equation (24), we have

oW,
M = (a5 — 2611) + 2(612 — 613).]1 + a3J2 + 3a4J12 + 0 (83) ,
dlc
oW, 114 (“44)
M 2 M
ol (a1 — as) + a3y + O (¢?) Al as + O (e)
Moreover, recalling that 7= det(F) = Illé/ *and using equation (37), we have
2 2 3
== =2—e+-—K—a+0(s). 45
7 = do) e+4e a+0(g) (45)

Finally, substituting equations (31), (34), (37), (41), (44), and (45) into equation (23) and ignoring the higher-
order terms, we can derive the second-order expansion of the Cauchy stress tensor

t=[—2a;e + (2a; + 4ay)el] + [(a; + 4a, — 2a3)ee — La; — 2a5)K — 2a;«

46
+ (a1 + 2a3)K + (2ay + 4az)o — (a1 + 2a, — 2a3 — 6as)e®) I] + O (7). (46)
From this, we extract the first-order linear elastic term
t; = —2ae + Qa; + 4ay)el, @47
and the second-order term
tz :(a1 + 402 — 2&3)66 - (2611 — 2615)K - 2&1(! (48)

+ (a1 4 2a3)K + (2a; + 4az)e — (a1 + 2a, — 2a3 — 6as)e®) L.

3.2. Third-order elasticity

3.2.1. Strain-energy functions. The third-order elasticity requires expanding the stress and strain tensors up to third-
order smallness O (&7), as well as the strain-energy function up to fourth-order smallness O (&*). The fourth-
order energy function can be expressed using the Murnaghan invariants by

Wi = Wart + Wans + Ware + O (€°) (49)

where Wy = agJ1Js + azJi )y + agJ3 + agJi and ag, a;, as, and ag are O (&) material constants.
In addition, the fourth-order energy function can be expressed in terms of the Landau invariants as

Wi, =Wy + Wi+ Wi +0(), (50)
where Wy, = ELL, + FI?1, + GIZ + HI} pand E, F, G, and H are O (¢) material constants.

Referring to the connections between the Murnaghan invariants and Landau invariants in equation (20), we can
rewrite the fourth-order strain-energy term in the Murnaghan expansion as

16ag- - - - 8a -
Wiy = Tém3 — 8(as + a7 + ag)IP 1, + 4agl? + (Té + 8a;7 + 4ag + 16a9) Ii. (51)
Thus, the relationships between the material constants are
- 16as - - -8
E = %, F = —8(ag+a;+ag), G=4as, H= % + 8a; + 4ag + 16ay. (52)

Similarly, referring to the connections between the Landau invariants and Murnaghan invariants in equation
(19), we can rewrite the fourth-order strain-energy term in the Landau expansion as follows:

3E | G | [
Wi = Sl = 1 GE +2F + 4GV, + ZJZZ + g E+F+G+ H)JY, (53)
which gives the relationship among the material constants

3E 1 - , - G |
= 4y =——QE+2F+4G), ag = —, ag = —(E+ F + G+ H). (54)
dg 16, day 16(3 + + ) asg 4 dg 16( + + + )
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3.2.2. Stress—strain relationships. Here, our aim is to expand all terms in equation (23) up to the third-order terms
and obtain the third-order expansion of the Cauchy stress tensor, represented by t = t; +t, +t; + O (84), where
t; denotes the third-order term. By expanding the square of the left Cauchy—Green strain tensor b, we have

b> =1+ 2e+2a + ¢ +28 + 0 (c), (55)
and its trace
tr(b’) =3+2e+ 20+ —2K+28+0(s%), (56)

where § = ex and B8 = tr(eat). Therefore, the second principal invariant /7, can be obtained by
1
Iy = 3 ((trh)* —tr (b%)) =3 +2e+ 20 + K +ae— B+ O (e*). (57)

Next, referring to equations (30) and (35) and expand to the third-order terms, we find
jl:e+oz,j2:K+ea—ﬂ+O(s4),j3:L+O(84), (58)
where L = dete. Therefore, we can yield
Iy =1+e+a+K+eax—B+L+0(c"). (59)
Moreover, according to the Cayley—Hamilton theorem, we have
HNeb'=K—-—e—a+(1+e+a+ae—p)I
+2,3—eoc—ae+0(84). (60)

By following the connections between the Murnaghan invariants and principal invariants in equation (17) and
expanding to third-order terms, we find
Ji=Ilc—3=¢e+a
J=3-2Ic+1Ilc =K+ae—p+0(s* (61)
Jy=Ic—Ic+1llc—1=L+0/(c")
In addition, using the chain rule, we can replace the derivatives of the strain-energy function W), with respect

to ]C, ]]C, and IIIC by

oW, oW, oW, oW,
u_ O 50w OWu

e Ay ah A 62)
Wy OWy Wy Wy Wy
e 3, S e Ay
In the case of the fourth-order Murnaghan strain-energy function in equation (49), we have
oW,
aIM = (as — 2a) + ay — 2as + ag)J) + (a3 — 4ag)),
c
+(3ay — 2a7)J}? + 4agJ} + 2a71J;, + agJs + O (84) ,
oW,
811M = (a1 — as) + (a3 — agl)y + azJi +2as), + O (%), (63)
c
oWy )
— = Ji+ 0 .
YiiP as + aegJ1 + (8 )
Moreover, recalling that 7= det(F) = Hlé/ *and using equation (59), we have
2 3 5 3 1
?:2—e+ZeZ—K—a—§e3+5eK+§ea+,B—L+O(84). (64)
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Finally, substituting the equations (31), (57), (59), (60), (64), and (64) into equation (23) and ignoring the
higher-order terms, we can obtain the Cauchy stress up to the third-order terms to be

t=t,+t+t;+0(c") (65)

in which the third-order term is

3
t; = [(_Zal — 2612 + a3+ 6614 — 2617) 62 + (al + 2613 - 4618)K

+ (Ba; +4a; — 2a3 — 2as)a] e + (a; — 2a3 — as + 2a6)eK

+ (Ba; + 4a; — 2a3 — 2as)ea + (das — 4a;)p (66)
3 3

+ ((Zal + Eaz —ay — 3a4 + 2a7 + 8a9> e+ (—2ay — 2a; + a3 + 4a7 + 4ag)eK

+(—2a; —4ay + 6az + 12a4 + 2as)ex + (2as + 2a¢)L — (2az + 2a5)B) 1.

4. Weekly nonlinear elasticity for isotropic incompressible materials

Most soft biological materials are assumed to be incompressible, so that ///- = 1, and then the strain-energy
function W is just /¢ and /¢ and the Cauchy stress tensor is given by

t= I+28Wb 28Wb*1 (67)
TP T e

where p is the Lagrange multiplier that needs to be determined by a boundary condition. Given ///- = 1, then
- - = - - 2 . 4_
I =—[1 +12+211[2—§11 —513, and J; = —J, — Js. (68)

In this section, we present the weakly nonlinear expansion of energy functions for commonly used incompress-
ible isotropic hyperelastic solids in the Landau and Murnaghan forms. These include the neo-Hookean model
Wnxn, the two-parameter Mooney—Rivlin model Wyr,, and the five-parameter Mooney—Rivlin model Wys,
which are given by

Wxn = Crollc — 3),
Wwr2 = Ciollc — 3) + Colllc - 3),
Wars = Ciolc — 3) + Coi(llc — 3) + Cao(Ic — 3)°
+ Cille — 3)lc — 3) + Coa(llc — 3)*.

(69)

4.1. Second-order elasticity

4.1.1. Strain-energy functions. For the incompressible materials, the equation (68) indicates that 7, = %(e + «) and

Ji = e + « are second-order O (82) quantities. In addition, recalling that the strain-energy function should be
expanded up to the third-order smallness for the second-order elasticity theory, the incompressibility condition
in terms of the Landau invariants can be written as

- - 4_
h=h-3h+ o (e"). (70)

Thus, we have

_ _ 8_ 4
Ic—3=2I=2L - -L+0(¢"),
3 71)

- - - 16- (
Il —3 =4l +2I} — 2L, =21, — ?13+0(g4).
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Substituting this equation in equation (69), we can obtain the expansion form of the energy functions as follows:
- 8 - 4
Wian =2Colr — §C1013 + 0(8 ) ,
_ 8 -
Wara =2(Co + Co)la — E(Cm +2Con)k + O (¢), (72)
_ 8 -
Wars =2(Co + Co)la — §(C10 +2Con)5 + 0 (g).

Following the third-order incompressible isotropic elasticity analysis by Destrade and Ogden [19], the weakly
nonlinear expansion of the strain-energy functions in terms of Landau invariants up to third-order is

- A-
Wy = ul, + 513 + 0 (84) s (73)

From this, we can obtain the following connections between the material constants of the incompressible neo-
Hookean, two-parameter Mooney—Rivlin and five-parameter Mooney—Rivlin solids

Wan: wm=2Cyp, A=—8C,
Wara : = 2(Cio + Co1), A= —8(Cio+2Cq1), (74)
Wars : = 2(Cio+ Co1), A= —8(Cio+2Co1).

Next, recalling the connections between I¢, Il¢, Illc and Ji,J,, J3 in equation (14), the incompressibility
condition in equation (68) can be expressed in terms of the Murnaghan invariants as follows:

Ic=3=J1=—)—Js,

e —=3=21 +J,=—-J, —2J5. (75)

Substituting equation (75) into equation (69) and neglecting the terms of O (84) , We can rewrite the strain-energy

functions as
Wi = — CigJa — CioJs,

Wurz = — (Cio + Co1)J2 — (Cio + 2Co1)3, (76)
Wars = — (Cio + Co1)J2 — (C1o + 2Co1)J5 + O (%) .

According to equations (73) and (29), the strain-energy functions in terms of Murnaghan invariants becomes
Wn = arJs + asJs + O (g%). (77)

Thus, for the incompressible neo-Hookean, two-parameter Mooney—Rivlin and five-parameter Mooney—Rivlin
models, we have the following connections between the material constants:

Wan: a1 =—Ci, as=—Cyy,
Wwur2 @ a1 = —(Cio+ Co1), as =—(Cio+2Cp), (78)
Wwrs : a1 = —(Cio+ Co1), as =—(Cio+ 2Cq).

4.1.2. Stress—strain relationships. To simplify the calculation, we use the third-order Murnaghan form strain-energy
function to derive the second-order Cauchy stress tensor. First, using the chain rule, we can rewrite the
derivatives of the strain-energy function /¥ with respect to I¢, I/I¢, and Ill¢ as

BWM aWM aI/VM

= — = —2

ol YAREEYA 4+ as,
oW W W

ol ), 9.J;

(79)

=da; — das.
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According to equation (37), the incompressibility condition /Il = 1 gives
e=—-a—K+0(), (80)
which indicates that e is the second-order quantity. Hence, equation (41) can be reduced to
b'=K-e—a+(1-KI +0(s). (81)

Therefore, substituting the equations (79) and (81) into equation (67) and ignoring the higher-order terms, we
have the second-order Cauchy stress tensor

t=—2a1e — (2a; — 2as)K — 2ajo + (—6a; + 4as + 2a, — 2as)K — p)l + O (&°).. (82)
Specifically, according to the equation (78), for incompressible neo-Hookean solid, the Cauchy stress tensor is

given by
t = 2Cjpe + 2Cjo + (2C19 — p)I + O (¢°) . (83)

For incompressible two-parameter Mooney—Rivlin solid, the Cauchy stress tensor can be rewritten as

t = 2(Cyo + Coi)e + 2(Cio + Cor)at — 2Co K + (2Cy19 — 2Coi1(1 — K) = p)IL + O (£°), (84)
and for incompressible five-parameter Mooney—Rivlin solid, the Cauchy stress tensor can be expressed by

t = 2(C19+ Co1)e +2(Cig + Coa — 2Co1 K + (2C19 — 2Co1(1 = K) = p)I + O (&%) . (85)

4.2. Third-order elasticity

4.2.1. Strain-energy functions. For the third-order elasticity, the strain-energy function is expanded to the fourth
order. The incompressibility condition, in terms of the Landau invariants, is

_ - 4_ -
11 =12—513+122+0(84) (86)

Therefore,

- - 8- -
Ic—3=2I =25 — 513+2122+0(e“)

16 (87)
llc —3=4%L +2I; —2L =2I, — ?L + 605+ 0 (c%).
Hence, we can rewrite equation (69) as
- 8 _ _
Wan = 2C10L — §C10]3 + 2C10]22 +0 (84)
_ 8 _ _
Wara = 2(Cio + Co1)l2 — g(clo +2Co1)l5 4+ 2(3Co1 + Cio)l5 + O (&) (88)

_ 8 _
Wars = 2(Cio + Co)l2 — g(clo +2Co1)13
+2(3Co1 + Cio 4+ 2Co0 + 2C11 +2Cp)5 + O (£7).

Following Destrade and Ogden [19], the weakly nonlinear expansion of the strain-energy functions in terms
of Landau invariants to fourth order is

- A- __
Wy = ul, + 513 + D]22 + 0(85) 5 (89)
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where D = 1/2 + B + G. Hence, the corresponding material constants of the incompressible neo-Hookean,
two-parameter Mooney—Rivlin and five-parameter Mooney—Rivlin solids are as follows:
Wi i o= 2Cio, A = —8C19, D = 2Cyp
Wurz : o = 2(Cio + Co1), 4 = —8(Cio 4 2Cq1), D =2(3Cy; + Cio)
Wars : i = 2(Cio + Co1), A = —8(Cio + 2Coy),
D =2(3Cy; + Cig +2Cy9 + 2Cyy + 2Cp).

(90)

To represent the strain-energy function in terms of the Murnaghan expansion, we substitute equation (75)
into equation (69) to get
Wau = — Cioa — Cros,
Wymr2 = — (Cio + Co1)a — (Cro + 2Co1) 3, 1)
Wars = — (Cio + Cor1)a — (Cio + 2Co1)J3 + (Cag + Cii + Coo)J5 + O (e7) .
Similarly, from equations (89) and (29), the expansion of the strain-energy functions in terms of Murnaghan

invariants is
WM = CllJz + 615.]3 + b1J22 + 0 (84) ’ (92)

where by is O (&) material constant. Therefore, for the incompressible neo-Hookean, two-parameter Mooney—
Rivlin and five-parameter Mooney—Rivlin solids, we have the relationships between the material constants as
Wxn :ap = —Cig, as = —Co, by =0,
Wyrz : a1 = —(Cio + Co1), as = —(Cio + 2Cn1), b1 =0, (93)
Wwrs @ a1 = —(Cio + Co1), as = —(Cio + 2Co1), by = (Cyo + C11 + Coo).

4.2.2. Stress-strain relationships in third-order elasticity. Similarly, we use the fourth-order strain-energy function in
Murnaghan expansion to solve the third-order Cauchy stress tensor. Then, based on equation (92), we have

8WM aWM 8VVM

A =2 T + o7, = —2a; +as — 4b,J,, o1
oWm Wy Wy
3llc = o, - 3; =a; —as + 2b1J;.
Referring to equation (59), the incompressibility condition 7/l = 1 gives
e=—a—K+p—L+0(c" (95)
With this equation, equation (60) can be rewritten as
b'=K-e—a+(1-K—-LI-28+ae+0(*). (96)
In addition, considering the e is O (&?), the J, in equation (61) can be reduced to
L =K—p+0(s*). 97)

Therefore, substituting equations (94) and (96) into equation (67), we can derive the Cauchy stress tensor by

t=— Zale — (2611 — 2615)K — 2&10( — 4b1Ke + (231 — 235)01e — (431 — 435)ﬂ

+ (—=6a; + 4as + 2a; — 2as — 12b1)K + (2a; — 2as)L — 12b18 — p)L. ©8)

Specifically, according to equation (93), for incompressible neo-Hookean solid, the Cauchy stress tensor is given
by

t =2Cjpe + 2Cjoa + (2C1p — p)I + O (&%) . (99)
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For incompressible two-parameter Mooney—Rivlin solid, the Cauchy stress tensor is given by

t =2(Cio+ Co1)e + 2(Cio + Co1)a — 2Co1 K + 2Cp e — 4Cp1 B

4+ (2C1p —2Co1(1 =K — L) — p)L + O (%) (100)

For incompressible five-parameter Mooney—Rivlin solid, the Cauchy stress tensor is given by

t =2(Cyo + Cor)e + 2(Cip + Cop)a — 2Co1 K
—4(Cy + Ci1 + Cpp)Ke + 2Cp e — 4Co1 B (101)
4+ (2C1p — 2Co1(1 = K — L) 4 12(Cy9 + C11 + Coo)(B — K) — p)1 + O (%) .

5. Conclusion

The nonlinear elastic behavior of soft materials is of significant importance across many fields, including biol-
ogy, materials science, geophysics, and acoustics. In this paper, we have given new results for the expansion
of the strain-energy functions and Cauchy stress tensor to O (¢*) where ¢ = vVH-Hand 0 < ¢ < 1 for the
weakly nonlinear asymptotic expansion for small perturbations to the deformation gradient tensor F = I + H.
These theories provide us with powerful tools for understanding and predicting the mechanical response of soft
materials under complex loading conditions.

By examining distinct invariants of strain tensors, strain-energy functions, stress—strain relations, and trans-
formation relations of material parameters, we reveal the connections between different elastic theories and
expand the energy density function to third-order and fourth-order terms under the framework of weak non-
linear theory. Such efforts not only guide further research on the elastic behavior of soft materials but also
contribute to finding solutions for practical problems. It is worth highlighting that this paper also addresses
the strain-energy function and stress—strain relationship of soft materials under incompressible conditions. This
consideration facilitates the modeling and analysis of practical problems while providing a simplified approach
to tackling complex problems.
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